


Chapters of textbook

Main Object : linear operator T :V→V

Main Goal : Diagonal ization

Main Tool : Eigenvector & Invariant subspaces .



§ Eigenvalues and Eigenvectors .

Def Let 1- c- Lw)
.

A vector JÉÑ c-✓ is an eigenvector of -1

if 7- 7. c- F H
.

T (F) = t.it .

/

In this case
.

✗ c-F is called the eigenvalue Asso
.
with the eigenvector it



Y ^ Tail

E±. 4) T as geometric Motion .

L

É v.⇒evil
• reflection .

I ' ✗

-

>

i
'

I = -I

• rotation .(by 907 T: B'→☒ -11¥
^

>

Clearly , tf Ñ≠o c- V. >

This is not a multiple of F.
⇒ T has no eigenvector ,

hence no eigenvalue .



(2) Tas operator on function space :

"J '

T.eu# → ECB)
t → Tcf)=f

'

C%☒ :{ smooth functions }
1- c- Leica)

solve
: Tcf)=f'=Af .

f -1-0
.

⇒ tie)= c. e" Coto)

Henie
. Any tea is an eigenvalue of -1.
¥diy to the eigenvector C. e

"? Cto
.



(3)
. F- LA : f-

"

→ F
"

- where AeMn×nCF)
.

Tñ=7v→ <⇒ A .v→=X .ie?De=f:eigenraIue&eigenveu-w
of matrix A.

e.g . A--111 )

Ñ=f ;) : AF-3.li :

vi.=L) :

Avi> = - ñ
.



Determine eigenvector & eigenvalue of arbitrary 1in . operator -1 ?

A : General method uses characteristic polynomial .

=

,

no roots give eigenvalue .

-3 Solve 1in . eg. .

to find associated eigenvectors .



Def : • Given A c- Mnxnlf) , the characteristic polynomial is defined as

f-Alt) : = det ( A- + In )
• Given T c- IN] .

dim V=n
.

B : ordered basis for V.

Define : fit) : = det ( ITIp - t.IN )
= A- EI

E± (1) A-- µ, 1)
.

ftktdet flit ¥ ) -11-+5-4
= -12-2-1-3
= (-1-3) (-1+1)



(2) . Char
. poly of T :

→ given by rotation by gi .

In the standard basis B
,

^5

then t.TK = (9-6)
"
↑→
,

>
✗

Therefore ,
Fit) = det (F)p

- ti )
= det f-¥ ¥) = ti -11 .



Prof fits is well-defined . i. e
,independentofthe-X.PHtf B

'
is another ordered basis for V. then [Ttp ' = Q:[ ftp.Q .

Then det (E)pi - tin) = det ( a-
'

ftp.t.IN) Q )

= detail . det p
- 1-In) . detd

= det-ttp-t.IN)
17

Prof TAKI = C- D ! -4 + tEA . -1
"
+ .

_ . +DIA .

( Exercise



Prof A c- Mnxnlf ) .

I eigenvalue
⇔ delta - ✗ In )=0 .

⇔ 7rootof-f.tl .
-

" f-ACH

p¥ A eigenvalue ⇔ A.E- 7. for some v48 .

⇔ (A- 7in) - Ñ = 0

⇔ A- XIN is not invertible ( singular)

⇔ det CA -✗ In) = 0
.

☐



Py : Similarly .
A eigenvalue of TEICH ⇔ A root of 1-1-47 .

Pf : A eigenvalue
⇔ Tñ=7v→ for some Ñ≠o

⇔ IT- III. v→=0

⇔ (4) p - 7. In ) Ftp = 0 .

⇔ detl-tp-7.IN ) = 0 ☐

↑ fix



Def:_ TEICH .

and t eigenvalue of T .

The subspace Ex := N IT-DID = { c- V : Tci's = to } a V
↑
null space

is called the eigen space of T corresponding to 7 .

In particular . for A c- NaxalF) .

the eigenspae Ex = SF c- F
"

: A. = 7. } a F"
.



ÉʰEt : A-=/ £ f.) ⇒ facts -_ It -3kt -11)

so the eigenvalues of A are 11-7 and k
For 11=3

.

Ex ,=N(A-Ait )

=N( 1¥ 's) )
= { c. ( L) :

a- A }



For 72=-1 . Ex> = N CA -AI )

= "#
'a) I

= { of:) }



✗ → 2×+3×2
✗ ~ I +2X
1- → 1-Éᵈ :

T : Rc☒→ RCB)

f-(x) ~> ☒xD = f-a) + ftp.fkx ) .

Check :
this is a linear operator )

Find eigenvector & eigenvalue of T :
-

Apply the general method : Take f- { 1 , ✗ ,
I } the standard basisfor RIRH

I 0Then IT] B = ( to 2 2)0 0 3



• The characteristic poly det-TIp-tID-detf-fa.IE
003--1
)

= G-t ) - (2--1)-(3--1)

⇒ Thos eigenvalues X ,=1 .

k=2
, 73=3 .



• Ford ,
-1

.
Ex,=N( IT]p-7iI)
⇒ 1% :)
=/ alto) ,

ae.IR/cpi
Obtain Fav

from card
. p ↑ ↑ %
± {a. acid} CRIB)

Indeed . 1- (a) = a .



• Fortis .

Eñ=Nf! ! %)
={all;) .ae#1cE

↑ ↑∅p
± { actin } CRIED

.

Indeed
, T( 1-1×1=(1+11)-11×+11=211-1×1



Fu is =3
.

Ex} = Nf? %)
= {a / {) ,

AHA } Cpi
↑%

± { a (1%2×-1×2) } CRIED .

Indeed
. 1- (1+-2,4+1/2)=(11×5+1×+1) . 211-1×7=34-1×5

4-1×12
it


